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Abstract

The Fourier transform method can be applied to obtain electromagnetic knots,
which are solutions of Maxwell equations in a vacuum with non-trivial
topology of the field lines and special properties. The program followed in this
work allows us to present the main ideas and the explicit calculations at
undergraduate level, so they are not obscured by a more involved formulation.
We make use of the helicity basis for calculating the electromagnetic helicity
and the photon content of the fields.

Keywords: Fourier transform, electromagnetic knot, helicity basis

(Some figures may appear in colour only in the online journal)

1. Introduction

The application of topology ideas to electromagnetism has led to the finding of new solutions of
Maxwell equations in a vacuum [1], some of them with the property of non-nullity [2] and with
other interesting properties in terms of helicity exchange [3] and spin-orbital decomposition [4].

In this article we want to introduce one of the methods used in the current research of
electromagnetic knots at undergraduate level. Only a basic knowledge of the Fourier transform is
required by the student. The content of this article can be proposed to students as a set of advanced
problems exploring special topics such as duality [5] and gauge transforms, the formulation of the
Cauchy problem in electromagnetism, the helicity basis [6], and photon polarization.

We hope that it will help to clarify and review some concepts and ideas through explicit
examples. For instance, in many introductory courses, electromagnetic fields in a vacuum are
presented in terms of planar waves. The planar electromagnetic waves are null fields [7], and this
leads quite often to the misconception that all the electromagnetic fields in a vacuum must satisfy

! Author to whom any correspondence should be addressed.

0143-0807,/19/015205+17$33.00 © 2018 European Physical Society Printed in the UK 1


https://orcid.org/0000-0003-2225-6966
https://orcid.org/0000-0003-2225-6966
mailto:manuel.arrayas@urjc.es
mailto:joseluis.trueba@urjc.es
https://doi.org/10.1088/1361-6404/aaee2d
http://crossmark.crossref.org/dialog/?doi=10.1088/1361-6404/aaee2d&domain=pdf&date_stamp=2018-12-07
http://crossmark.crossref.org/dialog/?doi=10.1088/1361-6404/aaee2d&domain=pdf&date_stamp=2018-12-07

Eur. J. Phys. 40 (2019) 015205 M Arrayas and J L Trueba

the property |[E| = ¢|B|, E - B = 0. Here we present explicit calculations of non-null torus fields
using only Fourier transforms, so we obtain a solution where electric and magnetic fields are not
orthogonal. At the same time the student is calculating a rather non-trivial solution of Maxwell
equations in a vacuum, with many of its properties being the subject of undergoing research [8, 9].

We make a brief summary of Maxwell theory in a vacuum, formulate the Cauchy
problem, and introduce the Fourier decomposition of the initial values of the fields. We show
how to solve the time evolution by making the inverse Fourier transform so expressing the
fields as wave packages determined by the initial conditions. We then obtain the potential
associated with the fields in the Coulomb gauge.

The helicity basis is used to express the potential as combinations of circularly polarized
waves. The helicity basis is useful to introduce the magnetic, electric, and electromagnetic heli-
cities. The helicity of a vector field is a useful quantity to characterize certain topological prop-
erties of the fields, such as the linkage of the field lines, and the electromagnetic helicity can be
related to the difference in the right- and left-photon content of the field in quantum mechanics.

We will apply this program to a set of knotted electromagnetic fields, including the
particular case of the celebrated Hopt—Rafiada solution, called the Hopfion.

2. Maxwell theory in vacuum

Electromagnetism in a vacuum three-dimensional space can be described in terms of two real
vector fields, E and B, called the electric and magnetic fields respectively. Using the SI of
units, these fields satisfy the following Maxwell equations in a vacuum:

OB

V.-B=0, VxE+Z o, )
ot

V. E-0 vxB_ L% _, @)
c? Ot

where c¢ is the speed of light, # is time, and V denotes differentiation with respect to space
coordinates r = (x, y, z). The first two equations (1) are identities using the following four-vector
electromagnetic potential in the Minkowski spacetime with coordinates (x° = ct, x! = x, x2 =y,
x3 = z) and metric g = diag(1, —1, —1, —1):

AH = (K, A)_ 3)

c
In equation (3), AY = V/c, where V is the scalar electric potential, and A = (A, A%, A%) is the
vector electromagnetic potential. Greek indices such as p take values 0, 1, 2, 3 and latin
indices such as i take values 1, 2, 3. An electromagnetic field tensor F,,, can be defined as

nv

F/'w = a/I,AI/ - aI/A/l,’ @)
with components related to the electric and magnetic fields through

Ei =C Fi()’

1 .

Bi = _EfiijJk' (5)
In three-dimensional quantities, equation (4) is

E=-VV - B_A

ot

B=V x A. (6)
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The first pair (1) of Maxwell equations become a pair of identities by using (6). The dynamics
of electromagnetism in a vacuum are then given by the second pair (2) of Maxwell equations,
which can be written in spacetime quantities as

8 F1 = 0. (7

Maxwell equations (1)—(2) are invariant under the map (E, cB) — (¢B, —E), as stated in
[5]. This means that, in a vacuum, it is possible to define another four-potential,

Ct=(cV, O, ®)
so that the dual of the electromagnetic tensor £, defined as
1
#Euz = Eg;waﬁFaﬂ’ (9)
satisfies
1
Fu = —;(QtCu - 0,C)), (10)

or, in terms of three-dimensional fields,

E:VXC,B:VV’wL%a—C. (11)
c* Ot
In this dual formulation, the pair of equations in (2) are simply identities when definitions (11)
are imposed, and the dynamics of electromagnetism in a vacuum are given by the first pair of
Maxwell equations (1), written in terms of components of the four-potential C*.
Alternatively, Maxwell equations in a vacuum can be described in terms of two sets of
vector potentials, as in definitions (4) and (10), that satisfy the duality condition (9). In this
way, dynamics are encoded in the duality condition.

3. Fourier decomposition for electromagnetic fields in vacuum

The method of Fourier transform [10] can be used to get solutions of Maxwell equations in a
vacuum (1)-(2) from initial conditions for the electric and the magnetic fields. Here we
review some basics for the case of electromagnetic fields defined in all the three-dimensional
spaces R® that satisfy equations (1)—(2).

Suppose that the initial values of the electric and magnetic fields,

Eo(r) =E(, t = 0),

By(r) =B(r, 1 =0), 12)
are given and defined in R’. It is necessary that they satisfy the conditions

V- -Ey=0,

V- -By=0. 13)

These conditions assure that the electric and the magnetic fields will be divergenceless at any
time, since Maxwell equations in a vacuum conserve them. For example, in the case of the
electric field,

0 OE

—(V-E):V~(—):V~(c2V><B):0, (14)

ot ot

where equation (2) has been used. A similar computation can be done for the magnetic field.
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To solve Maxwell equations in a vacuum with Cauchy conditions given by fields (12)
that satisfy (13), plane wave solutions can be proposed, such that they can be decomposed in
Fourier terms,

_ 1 3 —i(kr—wr) —i(kr+wt)
E(r, 1) = R fd k(E(k)e + Ex(K)e )s
_ 1 3 —i(kr—wr) —i(kr+wt)
B(r, 1) = (27T)3/2fd k(By(K)e + By(k)e ), (15)

where w = ck and k = Vk - k. Taking t = 0 in (15), we get

1 —ikr
Eo(r) = Wfd3k(E1(k) + Ex(k)e kT,

— 1 3 —ik-r
Bo(r) = ooy [ @B + Bytope v, (16)
so that the vectors

Eo(k) = Ei(k) + E(k),
By (k) = B (k) + By(k), a7

are inverse Fourier transforms of the initial values (12),

] ik-r
Eo(k) = e f &Br Eo(r) e,

_ 1 3 ik-
Bo(k) = Wfd r Bo(r) e, (18)
and they satisfy
k - Eo(k) =0,
k - Bo(k) =0, (19)

because of (13).

Now, in expressions (15), we impose the pair of Maxwell equations V x B =
(1/¢®) OE/0t and V x E = —0B/0t. Taking then t = 0 and using (17), we get the con-
ditions

k x Eo(k) = ck(Bi(k) — By(k)),
k x By(k) = *S(Eﬁk) — Ex(k)). (20)

From (20), we obtain a solution for the vectors in k-space, namely
1 c
E(k) = 5 Eok) — 5 & X By(k),

1 c
Es(k) = 5 Eo(k) + 5 e X Bo(k),

1 1
Bi(k) = = Bo(k) + — ¢, x Eq(k),
2 2c

Bo(K) = 2 Bo(k) — e x Eo(K), @1
2 2¢
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where we have defined the unit vector

o= (22)

Consequently, the time-dependent fields are obtained computing first the Fourier transforms
(18) of the initial values (12), and then performing the Fourier integrals

E(r, 1) = Wf@k e KT (Eq(k)coswt — ic e x By(k)sinwr),

B(r, 1) = f Bk e*"k"(Bo(k)cos Wt + éek x Eo(K)sin wt). (23)

(271')3 /2
By examining equation (17) one can see that the complex Fourier basis components satisfy
Eo(—k) = Eo(k),
Bo(—k) = By(k), (24

where E is the complex conjugate of E.
The Fourier transforms can be written in other ways. We begin by taking
coswt = (e + e /2, sinwt = (e — e~™") /2i, in equation (23), to get

1

E(r, t) = W

fd3k|:eik-reiwt(l Eyk) — < e, X Bo(k))
2 2
—ikr ,—iwt 1 ¢
1okl Zgok) + S ey x Bok) | |,
2 2
B(r t)*;faﬁk ~ikrgir( Loy + L e x Eo(k)
, )= e e "Mle > 0 2 €k 0

i eik-reiwt(% By (k) — 21—0 e X Eo(k))]. (25)

Next we perform the change k — —k in the second terms of both fields using that

_ 1 3 —ikr _ 1 R 1 kT
fr) = G fm Bk F(k)e %t = R foc (—d%) F(—Kk)e
_ 1 o 3 _ ik-r
= Gy fm Bk F(—K)el*r, (26)

Taking into account the properties (24), we get
1 (1 = c —
Er, t)= ——— | &k|e ™| = Eok) — — e, x Bok
(r, 1) (277)3/2f [e (2 o(k) = = e x Bo( ))
4 eikX(lE & — Se xB (k))
B, )= #fd% e_ik)((l E()(k) + L €, X Eo(k))
’ 2n)3/? 2 2¢
o (1 1
+ E’k"(— Bo(k) + — e x Eo(k)) , (27
2 2¢

where we have introduced the four-dimensional notation kx = wt — k - r.
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4. Fourier transforms of vector potentials in the Coulomb gauge

As stated in equations (6) and (11), any electromagnetic field in a vacuum can be written in
terms of two sets of four-vector electromagnetic potentials A* = (V/c, A) and C* = (cV’, C)
so that

E:—VV—a—A:VxC,
ot
B:VXA:VV’—F%E)—C. (28)
¢ Ot

There are some circumstances, as computations of electromagnetic helicity or spin, in which
the Fourier transforms of these four-vector potentials can be useful. Here we give a simple
recipe to get those Fourier transforms in a similar form to equation (27) in a special case:
when the four-vector potentials A* and C* are taken to satisfy the Coulomb condition.

It is known that A* and C" are not totally defined by equation (28). This property is
called gauge freedom and it means that, if we have solutions A/ and C/' that satisfy
equations (28), then any other potentials AJ' and C4' given by

‘/2:‘/1+%f(r,t)’ AZZAI_Vf(r,t),

10
Vy=V] + ?5g(r, 1), C, =C; — Vg(r, 1), (29)

in which f(r,¢) and g(r,t) are functions of space and time, are also solutions of
equation (28). Fixing the gauge is choosing a particular form for the vector potentials. A well-
known possibility is the Coulomb gauge, in which the vector potentials are chosen so that
V=0, V-A=0,
V=0, V-C=0. 30)

As a consequence, they satisfy the duality equations

B:VxA:ia—C,
c? Ot

E:VXC:—a—A. 3D
ot

In this gauge, since equations (30) and (31) are similar to the Maxwell equations for the
electric and magnetic fields in a vacuum, and by comparison with (27), one can propose for
the potentials the following Fourier decomposition in terms of plane waves:

1 —ik = i
A(r, 1) = Wf@k [~ a(k) + ¢ a(k)],
c i = i
C(r, 1) = T f Bk[e i TK) + e k)], (32)

where the factor ¢ in C is taken for dimensional reasons. Taking time derivatives and using
3D,



Eur. J. Phys. 40 (2019) 015205 M Arrayas and J L Trueba

oA L .
E=-"% = (wa/zjlik[e (ick) a(k) — e (ick) a(k)],
718C 1 e o

=% Qmmjhﬂe (ik) T(k) + €™ (ik) e(K)]. (33)

By comparison with equation (27), one gets
i
a(k) = —(Eo(k) — c e x By(k)),
2ck
—i
c(k) = —(c Bo(k) + e, x Eo(k)). (34)
2ck

Consequently, in the Coulomb gauge, the vector potentials of the electromagnetic field in a
vacuum can be decomposed in the Fourier basis as

At =—— )3 > f B s (B (k) + ¢ e x Bo(k)
+ R Bo(k) — ¢ e x By()],
&’k
Cr, 0= 2 )3/2f_[ e (c Bo(k) + e, x Eg(k))

+ e (—c Bo(k) — € x Eg(k))]. 35

5. Helicity basis

The helicity Fourier components appear when the vector potentials A and C, in the Coulomb
gauge, are written as a combination of circularly polarized waves [6], as

Mrﬂ—“’“fiﬁ

RIS e ™ (apK)er(k) + ap(k)e (k) + C.C.],

3
e, )= 6(2“7)3’2 I T i e (apRyero) — ap (e () + C.C.], (36)

where £ is the Planck constant, pq is the vacuum magnetic permeability and C.C. means
complex conjugate. The Fourier components in the helicity basis are given by the complex
unit vectors eg(k), e;(k), e, = k/k, and the helicity components ag(Kk), ¢; (k) that, in the
quantum theory, are interpreted as annihilation operators of photon states with right- and left-
handed polarization, respectively (dg(k), a; (K) are, in quantum theory, creation operators of
such states) [6].

The unit vectors in the helicity basis are taken to satisfy the relations

€r =er, eg(—k) = —e,(K), e,(—K) = —er(k),
e.-eg=¢,-e =0,ep-epg=¢. -¢, =0,e,-¢, =1,
e, x e, =ep X eg=¢e, X e =0,
€, X eg=—i€g, € X e, = ie;, ep X €, = —I . 37)
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These relations can be achieved by taking real vectors e;, e, in k-space such that
1
el'01292'6225,61'62201'%:62'61(:0,

e; X ezzéek, e, X e = e, e X e = ey,

ei(—k) = —e (k), e2(—k) = ey(k), (38)
and constructing the complex unit vectors

eg=¢e; +iep,

e, —=e —iej. (39)

The relation between the helicity basis and the planar Fourier basis can be understood by
comparing equations (35) and (36). It is found that

ager + are, = (—i Eo(k) + ic ¢, x By(k)),

1
cﬂ/ﬁc,uox/ﬂ

1

a/ﬁc,uom

agegr — ape; = (¢ Bo(k) + e, x Eg(k)). (40)

From these expressions,

axer = W[(BOG{) - g Eo(k)) b ieg x (I%(k) - EEo(m)],
o ] - ] -
a e, = W[(Bo(k) + %Eo(k)) — iep x (Bo(k) T éEo(k))]. 1)

Consequently, in the helicity basis, fields in a vacuum are written as a superposition of
circularly polarized waves. The electric and magnetic fields of an electromagnetic field in a
vacuum, and the vector potentials in the Coulomb gauge, can be expressed in this basis as (we
do not write the dependence on Kk in the following expressions for clarity):

¢/ hicp,

(2m)3/2

Jhe ) )
B(r, 1) = Fo fd3k \/g[e’k"(aReR —arer) + e’kx(ﬁReL — arepl,

@m?/2

_ hep
A(r, 1) = )3/2f J_

E(r, t) = fd3k \/g[l e*"k"(aReR + aLeL) — 1 e”“(c_zReL + C_ILeR)],

e *(ageg + arer) + e* (age, + apep)],

cyfhep, i et _
C(r, t):Wfd%m[ze K (apen — arey) — i e¥(@pe, — aep)].  (42)

The unit vectors in this basis satisfy equation (37) and the basis elements are related to the
planar Fourier basis through equations (40) or (41).

The helicity basis can be used in relation to the helicity of a vector field [11-16], which is
a useful quantity in the study of topological configurations of electric and magnetic lines. In
the case of electromagnetism in a vacuum, the magnetic helicity can be defined as the integral

8
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hn= 5 [ A B, (43)
2cp
and the electric helicity [17-20] is
hezg—ofd3rC~E: 1 fd3rC-E, (44)
2c 2c31,

where 9 = 1/(c?y,) is the vacuum electric permittivity. It can be proved [3, 4] that (i) if the
integral of E - B is zero, both the magnetic and the electric helicities are constant during the
evolution of the electromagnetic field, (ii) if the integral of E - B is not zero, the helicities are
not constant but they satisfy dh,,/dt = —dh,/dt, so we get an interchange of helicities
between the magnetic and electric parts of the field, and (iii) for every value of the integral of
E - B, the electromagnetic helicity 4 = h,, + h, is a conserved quantity.

Using the helicity basis defined in (36), the electromagnetic helicity # of an electro-
magnetic field in a vacuum can be written as

h=hy+ he= ﬁfd3k(67R(k)aR(k) — a (K)a (k). (45)

From the usual expressions for the number of right- and left-handed photons in quantum
mechanics,

Ne= [ % ap(0ar(o),
N, = f Bk @, (K)ay k), (46)

we can write
h =7 (Ng — Np). 47

Consequently, the electromagnetic helicity is the classical limit of the difference between the
numbers of right-handed and left-handed photons [17, 18, 21].

6. Fourier method in the case of a set of knotted electromagnetic fields

There is a set of so-called non-null torus electromagnetic knots [1, 2] that are exact solutions
of Maxwell equations in a vacuum with the property that, at a given initial time ¢ = 0, all
pairs of lines of the field Bo(r) = B(r, 0) are linked torus knots, and that the linking number
is the same for all the pairs. Similarly, all pairs of lines of the field Eo(r) = E(r, 0) are linked
torus knots and the linking number of all pairs of lines is the same.

The initial values By(r) and E((r) for the magnetic and the electric fields of these non-
null torus electromagnetic knots can be obtained [2] from two complex scalar fields ¢ (r, t)
and 0(r, t) through the equations

Ja V¢ x V¢
27 (1 4 ¢@)*’

Jac VO x Vo

2mi (1 + 00)*’
where a is some constant proportional to the product /s, to give the electromagnetic field its
correct dimensions in SI units. For historical purposes, we note that a similar construction was

presented by Bateman in 1915 [22]. Written in this way, the magnetic field lines are given by
the level curves of the scalar field ¢ (r) and the electric field lines are given by the level curves

By(r) = (43)

Eo(r) =

(49)

9
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of the scalar field 0 (r). If we take
(2X + 2iy)™

r) = , 50
o0 (Z 4 i(R* — 1))™ 0

where n, m are positive integers and we have used the notation
[ = / (51

Vi
in which f is a complex function of space coordinates. In (50), we use dimensionless

coordinates (X, Y, Z), related to the physical ones (x, y, z) in the SI of units by

X, v, 7)= &3 (52)
Ly

where L is a constant with dimensions of length, and

2 2 2 2
P ) XAy +z¢
R-=X“+7Y +Z—T—L—02. (53)

All the magnetic lines of the field defined by (48) are (n, m) torus knots. This initial magnetic
field is

2 2 _ 72 _
By(r) = 28¢ mY — nXZ, —mX — nYZ, nX Y z ! . (54)
Ly (1 + R?)3 2
Moreover, the linking number of every pair of magnetic lines at = 0 is equal to nm.
Similarly, for the initial electric field we use the complex scalar field
i7)D
B(r) = (2Y.+ 2i7) ’ (55)
X + i(R* — 1)@
where [, s are positive integers. Using (49), we get
2 _y2_ 72
E(r) = —ooYa XV -Z 4 vy sz ixz+sy| (56)
7Ls(1 + R?)3 2

This initial electric field is such that all its electric lines are (I, s) torus knots and any pair of
electric lines has a linking number equal to / s. These topological properties only happen for
t = 0. This is due to the fact that the topology changes during time evolution if one of the
integers (n, m, I, s) is different from any of the others (see [2]).

In figure 1 we can see the case (n, m, s, [) = (3, 2, 3, 2), which is the trefoil case. The
field lines are trefoil knots and they are linked at the initial time. We have plotted a few field
electric and magnetics lines calculated from (54) and (56) starting from the same points in the
middle of the figure. Clearly they are not orthogonal.

Let us compute the magnetic and electric fields from the Cauchy conditions (54) and
(56) that satisfy the required conditions V - By = V - Eg = 0. We will use the dimen-
sionless time T = ct/Ly. Before the computations, we can use (23) to build the complex
vector field
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Figure 1. Electric and magnetic lines given for (n, m, s, [) = (3, 2, 3, 2), the trefoil at
initial time starting from same points. The field lines are linked with each other. The
electric and magnetic fields are not orthogonal.

. E(r, 1) 1 31, —ikr . Eo(k)
B(r. 1) +i =0 = (mmfd k e [(Bo(k) i )coswt
tep x (Bo(k) ti M)sinwt], (57)
C

to show that we need first to compute the complex vector field By(k) + i/c Eo(k). Using
(18), we get

CEok) 1 3. ikr - Eo(r)
Bo(k) + i > —(2m3/2fdre (Bo(r)—i—z ’ ) (58)

where By(r) and E((r) are given by (54) and (56) respectively. We are going to use
dimensionless coordinates in k-space, defined by
Lyw
(Kes Kys K2) = Lo (ks Ky, k), K = Lok = == (59)

The integrals in (58) can be done to give
CEok)  Lovae®

Bo(k) + i
o(k) —
+im(K,, —K,, 0)

[%(KXKZ, KK, —K? — K?)

i (KE + K2 KoKy, —KiK)
+ S(O, KZ9 _Ky)]s (60)

so the Fourier transform of the initial magnetic field B(r) is

LoJa e K
Var
+ i m(K,, —K,, 0)], (61)

n
Bo(k) = [EUQKZ, KK, —K? — K?)

and the Fourier transform of the initial magnetic field E((r) is
Locva e X

Var
+1is(0, —K,, K)I. (62)

l
Eo(k) = I:E(K}z + KZZ, 7le<y, *Ksz)
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Note that the Fourier transforms (61) and (62) satisfy the conditions By(—k) = By(k) and
Eo(—k) = Ey(k), as was established in (24). According to (57), we also need to compute,
using (60), the complex vector

[I’L ( _Kys Kx’ O)

e % (Bo(k) ny Eo(k)) _ Lyvae®
C

N2
i %(KXKZ, KK, —K? — K}

X

+il(0, K., —K,)
S
+ E(—Kf — K2, K.K,, KXKZ)]. (63)

The next goal is to compute the integral (57) that, in terms of dimensionless coordinates in x-
space and k-space, can be written as

. E(, 1) _ 1 3 KR ( : EO(K))
B(r,?) +i - (277)3/2L3fd K e [ By(K) + i — cos KT

+% x (BO(K) +i M)sinKT]. (64)
C

It is interesting to compute first the following integrals,

_]( Ja A

L. = fd3K KR ooskT &~ — Y44
47r2L K  2nLi A> + T2
A% — T? + 2AT?
be = fd31< KR o5 KT — ﬁz . +2 .
471'2L 27TL0 A2 +T?
Iy = fd*K e®Rgngr & = Y4 T
471'2L 21Lg A + T?
T3 + 2AT — AT
b, = f K ¢ KR sin KT = 2 2 65)
4r2Lg 2Ly  (A* +T?
in which
2 g
A= RfT—H (66)

Now we make one useful observation. If, in the integral (64), we need to compute a term
containing K, times one of the integrands of the expressions (65), we can do it in this way,
K 8llc -, dl,

f BK KR cos KT £— K= i =X (67)

47r2L 2

and the same happens with I,., I, and I,,. If we need to compute a term containing K2, we
can make

_dhe X2 &?h.

f BK KR cos KT E— K2 ,
dA A

68
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and, if we need to compute a term containing K, K,

—K 2
VA& (g o KR oo KT C KK, — —xy $he. (69)
4m2L§ Kk da?

Defining the quantities
P=T(T? — 3A%),
Q= AA? — 3T?), (70)

we can finally compute (64), obtaining that the set of non-null torus electromagnetic knots can
be written as

H +PH
B(r. 1) — ﬁz 0 21-1- 232 1)
mLy (A +T7)
E(r, t):ﬁg Qfg“_[;ﬁh (72)
where
_1 — 2 2 2 2
H =|-nXZ + mY + sT, —nYZ — mX — ITZ, n 1-2Z +)§ tr+T —|—lTY).
2 y2_ 72 g2
T A Pl Y2 Z -7 —mTY,sXY—lZ+mTX,sXZ+lY+nT).
-1 —-Z?4+ X2 4+ 72477
Hy;=|-mXZ+ nY +IT, —mYZ — nX — sTZ, m + 3 + + +sTY).
14+ X>—Yy2—-272-T7
H,=]|! + 2 — nTY, IXY — sZ + nTX, lXZ+sY+mT].
(73)

7. Helicity basis for the set of electromagnetic knots

Let us consider the helicity basis for the electromagnetic fields we have computed, since it is
interesting to understand certain physical quantities of the electromagnetic field such as
energy, helicity, and linear and angular momentum. Using expressions (61) and (62), we get

Lova e ¥
V2

— i m(K,, —K,, 0)],

Locva e X
2

—is(0, -K, K))], (74)

_ n
BO(k) = I:E(Ksz’ I(,\’Kz’ _sz - K\z)

_ l
Eok) = [E(Kf + K% —K.K,, —K.K,)



Eur. J. Phys. 40 (2019) 015205 M Arrayas and J L Trueba

so that

_ - _LoyvaeX[n K2
Bk — - Byl = A2 [K(KK KK, K?)

+ S(O’ Kz, _Ky)
- im(Kys _KX’ O),

— (K2 + K2 KK, KXKZ)], (75)

and

_ P L
e % (Bo(k)iEo(k)) ”Z_: [n(K,, —K.. 0)

- %(sz + KZZ, _KXKV9 _Ksz):l’

i %(KXKZ, KK, —K? - K})
— i1, K;, —K))I. (76)
According to (41),
a LY K
are€r = L —
hepy 4w K

x [” L0 KK KoK —K2 = KD+ (4 90, K. —Ky)]

4

[l JI; LS K24 K2, —KK,, —K,KD) + (1 + m)(K,, —K,, 0)]. a7
Similarly,

_ i - LO\/E e [ 2
B k —_ E k = K sz K, Kz& - x
o(k) + " o(k) T ( KY)

— 500, K., —K,)
- im(K” _KX7 0),

+i é([{f + K2, —K.K,, —K K,)] (78)

and

_ i L -K
e X (Bo(k) + f Eo(k>) = %[—na@ ~K,, 0)

S
+ LKE + K2 KK, —KXKJ],

—z—(KK K,K,, —K} — K})
+i l(O, K., —K))1, (79)
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from which

are; = —Cl LO3/2 —e_K
Pt ey avw VK

m —n
X [ = (KiK., K,K,, =K} — K}) + (s — D(0, K, —Ky)]

_ i[l (K} + K2 KoKy, —KKD) + (0= m)(Ky. K 0)]- (80)

One interesting application of these results appears by multiplying azeg and its complex
conjugate, and the same for a;e;. Using (37),

(areg) - (ageg) = arag(er - €g) = dgag,

(arer) - (arer) = apar(eg - e) = apay. (81)
In our case,
a 036_2K 2 2 2 2
agrag = =0 (n + m?*(K; + K;) + (L + 9)*(K; + K)
fep, 8T K
+ 4 + m)(l + s)KK,),
ara; = —2 Lye ™ ((n — mP2 (K2 + K2 + (I — s)>(K2 + K2)
Jicqiy 87 * 4 Y ¢
+ 4 — m)(I — s)KK,). (82)

From (46), the classical expressions corresponding to the quantum mechanical number of
right- and left-handed photons for our set of electromagnetic knots are

2 2
NR:fd.%kaRaR:%fdsKﬁRaR: a (n+ m) +(I+S)’
0

hicp 8
_ 2 _ 2
M= [ aa = # (oK aa, = ﬁc‘; (n —m) = CZ97 (83
0 0

where we have to remember that the constant a is proportional to the product /icp, because of
dimensional reasons. In the particular case of the Hopfion, for whichn =m =1=s5 =1, we
have
) a
Ng(Hopfion) = ,
VZJT
N, (Hopfion) = 0. (84)

If, moreover, we set the arbitrary constant a to have the value a = /iy, for the set of
electromagnetic knots we are studying we get

2 2
NR:dekC_lRaR:%deKC_lRaR:(ner) +(I+S)’
0

8

_ 2 _ 2
N, = f &k g a, = % f OK ga, — =™ 8* =9 (85)
0




Eur. J. Phys. 40 (2019) 015205 M Arrayas and J L Trueba

and for the Hopfion,

Ng(Hopfion) =1,
N (Hopfion) = 0, (86)

so the classical value corresponding to the number of right-handed photons in the Hopfion is
1, and the classical value corresponding to the number of left-handed photons is 0.

8. Conclusions

Solutions to Maxwell equations in a vacuum can be obtained by taking an initial electro-
magnetic field configuration, and by Fourier transform, propagating it in time. This con-
struction is used in the generation of non-null toroidal electromagnetic fields [2]. Here we
have presented a detailed calculation suitable for students with a basic mathematical
background.

The helicity is a property which characterizes certain non-trivial topological behavior of
the field and can be related to its photon content when the field is quantized. The Fourier
decomposition can be expressed in terms of the helicity or circularly polarized basis which is
convenient in order to calculate the helicity.

We have applied the Fourier method to compute a set of solutions such that at a particular
time the field lines are torus knots. The set includes the Hopfion (which is a null field) and in
general many non-null fields.

We believe that the calculations involved are at undergraduate level, so any student with
a minimum background can rework and check them. Maxwell equations remain a funda-
mental cornerstone of our understanding of nature, but one might think that the classical
electromagnetic theory of light has obtained its limits of serviceability in terms of funda-
mental research. We hope that this work proves the contrary. Solutions with new topological
properties may pave the road for future discoveries.
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